Programming Languages (COP 4020/CIS 6930) [Fall 2010]
Assignment III
Objectives

1. To gain experience writing inference rules in deductive systems.
2. To practice proving properties by structural induction.

3. To become familiar with definitions of free variables, alpha-equivalence, and capture-avoiding substitution.

Due Date:  Tuesday, October 12, 2010 (at the beginning of class, 5:00pm).

Assignment Description
Do the following by yourself:
(1) Define inference rules for a less-than-or-equal-to judgment over natural numbers.  The judgment form is: N1 ≤ N2.  Your rules may assume that any N1 and N2 used in this judgment are natural numbers (adhering to the definition of natural numbers (N nat) we discussed in class).  Your definition of the less-than-or-equal-to judgment must match the normal mathematical notion of natural numbers being less than or equal to others; for example, S(S(S(Z))) ≤ S(S(S(Z))).

(2) Using your definition from (1) above, formally prove that the ≤ relation is transitive: 
Theorem.  ∀ N1, N2, and N3: ( (N1 ≤ N2 ˄ N2 ≤ N3) ⇒ (N1 ≤ N3) )
Note: This theorem may be challenging to prove at times.  Please do your best with it; partial credit is possible.  If you get stuck at some point, just explain informally whatever ideas you’re having trouble stating formally.
(3) Consider the following language L:  
   expressions e ::= x | n | e1+e2 | let val x = e1 in e2 end

This language contains variables (x), natural numbers (n), addition expressions, and let-expressions.  Let-expressions in L have the same meaning as let-expressions in ML.  For example, the program:
  let val x = let val x = 4 in x+x end in let val x = x+x in x+x end end 

is equivalent to the following (alpha-converted) program.

  let val x = let val y = 4 in y+y end in let val z = x+x in z+z end end
Both of these example programs evaluate to 32.

Provide definitions for: (a) free variables in expressions in L, (b) alpha-equivalence of expressions in L, and (c) capture-avoiding substitution in L.
Submission Notes

· Turn in a hardcopy (handwritten or printed) version of your solutions.  Please do not email solutions or upload them into Blackboard.

· Write the following pledge at the end of your submission: “I pledge my Honor that I have not cheated, and will not cheat, on this assignment.”  Sign your name after the pledge.  Not including this pledge will lower your grade 50%.

· You may submit solutions up to 2 days late (i.e., by 5pm on Thursday, October 14) with a 15% penalty.
· If you think there’s a chance you’ll be absent or late for class on the date this assignment is due, you are welcome to submit solutions early by giving them to me or a TA before or after class or during any of our office hours.
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